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Abstract 

The Z/2Z-graded intertwining operators are introduced. We study 
these operators in the case of "degenerate" N — 1 minimal models, with 
the central charge c= |. The corresponding fusion ring is isomorphic to 
the Grothendieck ring for the Lie superalgebra osp(l|2). We also discus 
multiplicity-2 fusion rules and logarithmic intertwiners. 



1 Introduction 



This paper is a continuation of J Ml]. It is also closely related to | HM |. For a 
more detailed introduction see Ml]. 

We introduce the notion of a Z/2Z-graded (even and odd) intertwining op- 
erator and use it to study the fusion ring for the "degenerate" (p = q) minimal 
models, for the vertex operator superalgebra L(|,0). As in |Ml| ] there are two 
approaches: one which uses the lattice construction (extended with a suitable 
fermionic Fock space) and the other which uses the singular vectors and projec- 
tion formulas. For the future purposes we use the latter approach. 

The degenerate minimal models are irreducible modules for the N = 1 super- 
conformal vertex operator algebra L(|,0) (cf. |KW], 0) that are isomorphic 



to L(§,|-), ? £ N. We prove (see Theorem [7. l| and Corollary |7. l| ) that the 



corresponding fusion ring is isomorphic to the Grothendieck ring for osp(l|2), 
i.e., we formally have: 



3 (r + qf 
2' 2 

for every r, q € N, r > q 



L 



3 {r + q-lf 
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As in the Virasoro algebra case, these fusion coefficients are or 1. How- 
ever in [HM| we showed that for some vertex operator algebras L{c, 0), fusion 
coefficients might be 2. In Proposition 8.1 we constructe a non-trivial example 
when c = — 3V5- 

At the very end, we constructe an example of a logarithmic intertwining 
operator (for the definition sec [M2]) for the N = 1 vertex operator superalgebra 
L(f ,0) (cf. Proposition^). 



2 Lie superalgebra osp(l|2) and 7Zep(osp(2\l)) 

The Lie superalgebra osp(l|2) is a graded extension of the finite-dimensional Lie 
algebra sl(2, C). It has three even generators x, y and h, and two odd generators 
if and %, that satisfy 

[h, x] = 2x, [h, y] = -2y, [x, y] = h, 

[x,x]=x, [x,<p] = -<p, [y,x] = -x> [v,<p] = <p> 

[h,ip] = -tp, [h,x]=X, 
{X, V 5 } = 2/i, {x, X} = 2a; , = 2y. 

Generators {x,y, h} span a Lie algebra isomorphic to sZ(2,C), and this 
fact makes the representation theory of osp(l|2) quite simple. All irreducible 
osp(l|2)-modules can be constructed in the following way. Fix a positive half 
integer j (2j £ N) and a 4j + 1-dimensional vector space V(j) spanned by the 
vectors Vj_ 1 / 2 , V-j}, with the following actions: 

x.Vi = - i][j + i + ljvj+i, 
y-Vi = + i][j - i + 

ft.Uj = 2wi. (1) 
If 2(i — j) € Z then we define 



(f.Vi = -y/j + iVi-i/2, 

X-Vi = -iVi+i/2, (2) 

otherwise 



f.v l = x/j -i + l/2vi_ 1/2 , 



X-Vt = -y/j + i + l/2v l+1/2 . (3) 

In all these formulas Vj = if j ^ {j, j — 5, . . . , — j}. It is easy to see that 
each V(j) is an irreducible osp(l|2)-modulc and that every finite dimensional 
irreducible representation of osp(l|2) is isomorphic to some V(J) for j £ N/2. 

It is a pleasant exercise to decompose tensor product V(i) (8) V(j). The 



following result is well-known (see [FM] for instance): 

x+j 



no®n?)= v(k). (4) 

fc=|i-j|,fceN/2 
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3 N = 1 Neveu-Schwarz superalgebra and its 
minimal models 



The N = 1 Neveu-Schwarz superalgebra is given by 

ns = CL n CG n+1/2 CC, 

together with the following N = 1 Neveu-Schwarz relations: 

C , 



12 v 
G 



+n+l/2; 



for to, n S Z. We have the standard triangular decomposition ns = ns+ nso < 





= (to - n)L m+n H 


[Lmi G n +i/2\ 






[G m +l/2, Gre-1/2] 


C 

= 2L„ l+n + — (to 


[C, L m ] 


= 0, 


[C, G m+ i/2] 


= 



ns_ (cf. [HM]). For every (/i,c) £ C 2 , we denote by M(c,h) Verma module 
for ns algebra. For each (p, q) g N 2 , p = q mod 2, let us introduce a family of 
complex 'curves' (h P:q (i), c(t)); 



hp, q {t) 



1 - VI , 1 



, . 15 



3i _1 + 3t. 



Then from the determinant formula (see KWa ) it follows that M(c,h) is 
reducible if and only if there is a t S C and p,q £ ~N, p = q mod 2 such that 
c = c(i) and h = h pq (t). In this case M(c, /i) has a singular vector (i.e., a vector 
annihilated by ns + ) of the weight h + ^. Any such vector we denote by vm- 
In this paper we are interested in the t = —1. Then c(— 1) = § and 



_ (p-q) 2 



hp,q(—l) = hi.p~q+i(— 1); so we consider only the case 



hi q := hi^ q (—l), (here q is odd and positive). Hence, each Verma module 

M{\,h\ t q ) is reducible. 

The following result easily follows from Q (or |AA|) and [KWa]: 

Proposition 3.1 For every oddq, M(|, /ias the following embedding struc- 
ture 



M ( 2' /ll -9+ 4 



M ( 2' /ll '«+ 2 



Moreover, we have the following exact sequence: 



M I 2 -> /l i,«+2 



0. 



0. 



(5) 



(6) 
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where L(I,/ii >g ) is the corresponding irreducible quotient. 



m 

Benoit and Saint- Aubin (cf. [BSA ]) found an explicit expression for the 
singular vector Vi >q G M (|, hi tq ) that generates the maximal submodule: 

Vl,q = ^2 ^2 {- l ) 3 ~^ c ( k <T(l),~;ka(k))G-k 1 /2---G- kN/2 V, (7) 
N;k±,...,k]v (J^Sn 

where Sn is a symmetric group on N letters and the first summation is over all 
the partitions of q into the odd integers ki, .., fc/v an d 

where aj = Y$=i k i and Pj = Y^iLj ki- 
ln the special case: q = l, = 0, M(|, 0) has a singular vector G(— l/2)v 
which generate the maximal submodule. By quotienting we obtain a vacuum 
module L(|,0) = M(§,0)/(G_ 1/2 i> 3 /2,o)- 

4 N = 1 superconformal vertex operator super- 
algebra and intertwining operators 

We use the definition of N = 1 superconformal vertex operator superalgebra 



(with and without odd variables) as in |B|] and [HM (see also [KW| and [KV]). 

Let (p be a Grassman (odd) variable such that ip 2 = 0. Every iV = 1 
superconformal vertex operator superalgebra (V, Y, 1,7") can be equipped with 
a structure of N = 1 superconformal vertex operator algebra with odd variables 
via 

Y{,{x,y)):V®V - V((x))[<p], 

u ® v i— > Y(it, (a;, <p))«, 

where 

F(tt, (a;, <p))t; = Y(u, a> + <pY(G(-l/2)u, x)v 

for it, u G V. 

The same formula can be used in the case of modules for the superconformal 



vertex operator superalgebra (V,Y, l,r) (see [HM]). 

It is known (flKWt) that V(c,0) := M(c, 0)/(G_ 1 / 2 « c ,o> Q is aJV = l super- 



conformal vertex operator superalgebra. Also, every lowest weight ns-module 

;i.o)=£(§, 



with the central charge c, is a V(c, 0)-module. If c = | then V(%, 0) = £(§, 0). 



Hence 



We write L(c, 0) if V(c, 0) is irreducible. 
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Proposition 4.1 Every irreducible L(|,0) -module is isomorphic to L(%,K), 
for some h G C. 

Proof: It is known (cf. pCW |) that there is one-to-one correspondence between 
equivalence clasess of irreducible 0))-modules (here A(Z(|,0)) = C[y] 

is Zhu's associative algebra) and irreducible L(|, 0)-modules. If W is an irre- 
ducible 0))-module, then there is an irreducible 0) -module f2(W) 
(that is N-gradable) such that fl(W)(0) = W. Because O(W) is a ns-irreducible 
module it is also N-gradablc. Therefore f2(W) = L(c, ft.) for some h E C I 
Among all irreducible £(§, 0)-modules we distinguish modules isomorphic 
to hi >q ), q G 2N — 1. These are so called degenerate minimal models. 

4.1 Intertwining operators and its matrix coefficients 

The notation of an intertwining operators for N = 1 superconformal vertex 
operator algebras is introduced in [KW] and |HM|. 

Let W\ , W 2 and W3 be a triple of ^-modules and y an intertwining operator 
of type (jjp^p ) ■ Then we consider the corresponding intertwining operator with 
odd variable (cf. |hm| ): 

y(,(x,tp)) :W 1 ®W 2 -» W 3 {x}[tp] 

U>(1) ® «>(2) H-> y(w (1) ,(x,lf))w (2 ), 

such that 

y(w {1) ,(x,(p))w {2) = y{w (1) ,x)w {2) + Lpy{G(~l/2)w (1) ,x)w (2) . 

Let w± be a lowest weight vector for the Neveu-Schwarz algebra of the weight 
h. From the Jacobi identity we derive the following formulas: 

[L{-n),y( Wl ,x 2 )] = (x^ n+1 ^- + (l-n)h)y{w u x 2 ), 
[G{-n - l/2),y( Wl ,x 2 )} = x 2 n y(G(-l/2) Wl ,x 2 ), 

[L(-n),y(G(-l/2) Wl ,x 2 )} = (x2 n+1 ^- 2 + (1 - n)(h + ^)y(G(-l/2)w 1 ,x 2 ), 
[G(-n- 1/2), y(G(-l/2)wx,x 2 )} = (x 2 n -^- - 2nhx^ n - 1 )y(w 1 ,x 2 ). (8) 

In the odd formulation we obtain 

[L(-n),y( Wl ,(x 2 ,<p))] 

= (x^ n+1 d X2 + (1 - n)xi n {h + l/2<pd v ))y{ Wl , (x 2 , <p)) 
[G{-n-l/2),y{wi,{x 2 , V ))} 

= (X2 n (d v - <pd X2 ) - 2nx 2 - n - 1 (hi P )y(w 1 , (x 2 ,<p)), (9) 
where d v is the odd (Grassmann) derivative. 
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4.2 Even and odd intertwining operators 



In [ HM | we proved that every intertwining operator 

ye i( L{cM) 

\L(c,hi) L(c,h 2j 

is uniquely determined by the operators y{w\,x) and y{G{— l/2)w\, x), where 
wi is the highest weight vector of £(e, fti). This fact will be used later in 
connection with the following definition. 

Definition 4.1 Let | | denote the parity (0 or 1). An intertwining operator 

y e HwY 3 

• even, if 



w 2 J 1S: 



Coeff x s\y(wi,x)w 2 \ = \w\ + \m\ 



• odd. if 



Coeff 9! .|y(«;i,aj)«J2| = K| + |wa| + 1, 

for every s € C and every Z/2Z-homogeneous vectors w\ and wo,. 

The space of even (odd) intertwining operators of the type y € l{ w w 2 ) 
we denote by / ( w Yw 2 ) cvcn i 1 (wYw 2 ) odd )- In general one does not expect a 
decomposition of J( ff ^) into the even and the odd subspace. 

4.3 Frenkel-Zhu's theorem for vertex operator superalge- 
bras 

According to [KW] (after 0), to every vertex operator superalgebra we can 
associate Zhu's associative algebra A(V). If V = L(c, 0), A(L(c,0)) = C[y]. 
where y — [(L(—2) — L{— 1))1] = [L{— 2)1] (because of the calculations that 
follow it is convenient to use y = [(£(—2) — L{— !) )!])■ Also to every V- 
module W we associate a A(y)-bimodule A(PF) (cf. [KW]). In a special case 
W — M(c, h), we have 

A(M„(c, h)) = M as {c, h)/0(M ns {c, h)), 

where 

0{M ns {c, h)) = {L(-n - 3) - 2L(-n - 2) + L(-l)v, 

G(-n - 1/2) - G(-n - 3/2)v, «>0,«e M(c, ft)}. (10) 

It is not hard to see that, as C[y]-bimodule, 

A(M(c,ft)) = C[x,y] ffi C[x,j/]u, 

where u = [G(— 1/2)^] and 

2/ = [£(-2) - £(-!)], x = [£(-2) - 2£(-l) + £(0)]. 



G 



Let Wi, Wi and W3 be three N/2-gradable irreducible I^-modules such 
that SpecL(0)\ Wi € h + N, i = 1,2,3 and y € I (wf^J. We define o( Wl ) := 
CoeS x h 3 -h 1 -h 2 y(wi,x). Because the fusion rules formula in FZ| needs some 



in |KW] (this can be done with a minor super-modifications along the lines of 



[LI 



modifications (cf. [LI]) the same modification is necessary for the main Theorem 



). Nevertheless (cf. [KW]) 



Theorem 4.2 The mapping 



n : H wi'\V 2 ) ~* RoiJ1 MV)(MWi) ® A {V) W 2 (0),W 3 (0)), 



such that 
is injective. 



n{y)(wi <8> 1V2) — o(wi)w2, 



(11) 



5 Some Lie superalgebra homology 

In this section we recall some basic definition from the homology theory of 
infinite dimensional Lie superalgebras which is in the scope of the monograph 
[|fJ (in the cohomology setting though). 

Let C be an any (possibly infinite dimensional) Z/2Z-graded Lie superalge- 
bra with the Z/2Z-decomposition: C = Co ffi A- and let M = Mq © Mi be any 
Z2~graded £-module, such that the gradings are compatible. Then, we form a 
chain complex (C, d, M) (for details see 0), 

£ Co (A M) & Ci(£, M) 

where 

C q (£,M)= M ® A qo C ® S qi Ci, 
qa+qi=q 

CP(£,M)= M r ®K qa C a ®S qi Ci, 

10 + <J1=<? 

qi~\-r=p mod2 

for p = 0, 1. The mappings d are super-differentials. For q G N and p = 0,1, 
we define g-th homology with coefficients in M as: 

ff|(£,M) = Ker(d q (C%(/:,M))) p /(d r+1 (C p q+1 (£,M))) p . (12) 

In a special case q = 0, we have 

ff °(£, AO = M /(C M + A -Wi), 

and 

Ho 1 (A M) = Mi/(AAf + £ Afi). 
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We want to calculate H q (C s , for the Lie superalgebra 

£ s = 0£ s (n), 

n>0 

where C s {n) is spanned by the vectors L(—n — 3) — 2L(—n — 2) + L(— n — 1) 
and G(-n - 1/2) - G(-n - 3/2) , n G N. From © we see (cf. jHMj) that 
H (£ s , M(c, h)) is a C[y]-bimodule such that: 

H (L s ,M(c, h)) = A(M(c, h)) £* C[x, y] © C[x, (13) 



Remark 5.1 It is more involved to calculate Hq((C s , L(c, h)), so we consider 
only the special case c = |, h = hi t g, q odd. As in the Virasoro case (see JM1[ ) 
it is easy to show that the space H p (£ s ,L(^,hi_ q )) is infinite dimensional for 
very p,q,s e N, and finitely generated as a ^4(L(3/2, 0))-module. Moreover, 



Ext 1 (i(|/ ll , g ),L(|/ ll , r )) 

is one-dimensional if r = q + 2 and otherwise. We will not need these results. 
In the minimal models case we expect a substantially different result (cf 



Conjecture 5.1 Leic^ = § (l - andh™£ = teri^rf , 77, 



2 V PQ J P>1 Spq 

9' "p,? 



dim H q (£ s ,L(c p ,g,h™„ n )) <oo 



/or every ggN. 

There is strong evidence that Conjecture (5.1) holds based on [Q and an exam- 
ple c = —^j treated in Appendix of [HM]. 

The main difference between the minimal models and the degenerate models 
is the fact that the maximal submodule for a minimal model is generated by 
two singular vectors, compared to M(|, hi <q ) where the maximal submodule is 
generated by a single singular vector. 



6 Benoit-Saint-Aubin's formula projection for- 
mulas 

6.1 Odd variable formulation 

We have seen before how to derive the commutation relation between generators 
of ns superalgebra and y(wi, x) where w\ is a lowest weight vector for ns. We 
fix y S I( T , 3 , i , 5 '/ l ? 3 , ,) and consider the following matrix coefficient, 

(w' 3 ,y(w 1 ,x,(p)P sing w 2 ), (14) 
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where P S ingW2 = Vi,q (deg(P S i„g) = q/2) and Wi, i = 1, 2,3 are the lowest weight 
vectors. 

Since all modules are irreducible, by using a result from |HM| (Proposition 
2.2), we get 



(w' 3 ,y(w 1 ,x,ip)w 2 ) = ClX 



■ c 2 ipx 



h-hi, q -hi, r -l/2 



(15) 



where c\ and c 2 are constants with the property 

ci = c 2 = implies y = 0. 

From the formulas (||) 

(w' 3 ,y(w 1 ,x,ip)P sing w 2 ) = P(d X2 ,ip)(w' 3 ,y(w 1 ,x,ip)w 2 ), 
where P(d X2 , cp) is a certain super-differential operator such that 
deg(P sing ) = degP(d X2 ,tp) = q/2. 

Therefore 

p(a Xa ,^)^- Al -«- Al ' = ^i(fti J ,,Ai,r,^- Al -«- fcl ''--« /a J 

and 

P(d xa ,<p)<pcax h - ht «- hl - r - q/2 = C 2 (h hq ,h hr ,h)x h - h ^- h ^-i/ 2 . 

Constants Ci(hi yq ,hi tr ,h) and C 2 (hi t(l ,hi^ ri h) (in slightly different form, 
but in more general setting) were derived in | BSA |. Considering these coef- 
ficients was motivated by deriving formulas for singular vectors from already 
known singular vectors. By slightly modifying result from [BSA] we obtain 

Proposition 6.1 Suppose that y £ l( Tf 3 , ^w^ra u \) anc ^ P(d x ,tp) are as 

L{ 2 ,rii jr ) Ly 2 , h,\ q )f 

the above Then, up to a multiplicative constant, 

Ci(h ltq , hi jT , h) = Yl ( h ~ h l,q+4k) 

-j<k<j 

and 

C 2 (h liq ,h lir ,h) = Yl 

_j+l/2<fc<j-l/2 

for j = (r- l)/4, j > (Wien j = 0, C 2 (hi,i,hi, r ,h) = I). 

Proof: The superdifferential operator P(d x , <p) is obtained by replacing genera- 
tors L{—m) and G(~n — 1/2) by the superdifferential operators 

L(-ro) i * -(la m+1 fl« a + (1 - m)x 2 m (h 1 + 1/2^)) (16) 

and 

G(-n - 1/2) h-> (zg "(fy - <^ 2 ) - 2nx 2 n - 1 (h 1 ^)) 1 (17) 

acting on (W3, y( wi 1 x, (p)w 2 ). This action was calculated in [BSA ] . Theirresults 
(Formula 3.10 in |BSA]) implies the statement]^. I 

2 In [BSA a different sign was used in the equation (B_6(). Still, we obtain the same result if 
we consider a n iso morphic algebra with the generators Lin) := —L(n). The same generators 
were used in IIFF2 
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6.2 BSA formula without odd variables 

Since Frcnkcl-Zhu's formula docs not involve odd variables we need a version 



of Proposition 3.1 without odd variables (which is of course equivalent). Again 



y e 1 L(m-h L S)iv2M. q )) is the same as the above - Then 

(w' 3 ,y{w 1 ,x)P smg w 2 ) = P 2 (d x ){w' 3 ,y{G(-l/2)w 1 ,x)w 2 ), 

and 

(w' 3 ,y{G(-l/2) Wl ,x)P sing w 2 ) = P 1 {d x )(w' 3 ,y(w 1 ,x)w 2 ), 
where P\ and P 2 are certain differential operators. If 

P 2 (d x )c 2 X h - h ^- h ^- 1 / 2 = C 2 K 2 {hx, q , h hr , h)x h - k ^- h ^- q / 2 , 

and 

P 1 (d x )c 1 x h - h '^^ = c 1 K 1 (h ltq ,h 1 ^h)x h - h ^- h ^/ 2 , 
then, by comparing corresponding coefficients, we obtain 

Kx(hi^, hi <r , h) = Ci(/ii,g, h lir , h), 

K 2 (h 1 ^ q , hi t r, h) = C 2 (hx <g , hi, r , h). (18) 



Let us mention that the projection formulas from Proposition 6.1 have a 
simple explanation in the term of super density modules for the Neveu-Schwarz 
superalgebra. 

7 Fusion ring for the degenerate minimal mod- 
els 



In order to obtain an upper bound for the fusion coefficients (cf. Theorem 4.2 ) 
we first compute 

3 3 
A {L{^ h i.,q)) «U(L(3/2,o) L{-, h 1<r )(Q). 



Z2-grading of the 0-th homology group (|12|) will enable us (see Theorem 
( fTl! ) to study odd and even intertwining operators (see Definition hi). For 
that purpose we introduce the following splitting: 

A°(L( 3 -, h ltq )) := H° (L S) L( 3 ~, h hq )) ~ 

A\L{\M, q )) ■■= Hl{C,L(\M) = ^J^, (19) 

where I± and I 2 are cyclic submodules (the maximal submodule for A/(3/2, h\^ q ) 
is cyclic !). It seems hard to obtain explicitly these polynomials. First we obtain 
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some useful formulas Inside A(M(c,h)) (cf. [jWfl): 

[L(-n)v] = [((n - l)(i(-2) - L(-l)) + L(-l))v] = 
[(n(L(-2) - L(-l)) - (L(-2) - 2i(-l) + L(0)) + L(0))v] = 
(m/-x + wt(u))[u]. (20) 

for every weN and every homogeneous u S M(c,h). Therefore in 
A(M(|,/n )g ))® A(i( » i0)) L(|,hi iP )(0) 

we have 

[i(-n)u] = (n/ii j9 - x + i(0))[u]. 

[G(-n-l/2)«] = [G(-l/2)«]. (21) 

Also, we have: 

[G(-n - i)G(-m - = [G(-l/2)G(-m - l/2)v] = 

[(2L(-m - 1) - G(-m - l/2)G(-l/2))v] = [(2L(-m - 1) - = 
({2m+l)y-x + wt(v))[v}. (22) 

By using (|2(]) and (^2|) we obtain 

[G(-m! - 1/2) . . . G(-m 2r - l/2)L(- ni )...L(-n s )v ltq ] = 

r 2r 

J[({2m 2l + l)h x ,r ~ x + ( m P + V 2 ) + h l,i) ■ 

i=l p=2i+l 

Y\{n-jhi^ - x + ^2 n p + hi, q )\v\- (23) 
j=i p=j+i 

inside 

A(M (-, h hg )) ®A(i(|,0)) fci, r )(0). 
It is easy to obtain a similar formula for the vector 

[G(-mi - 1/2) . . . G(-m 2r+1 - l/2)L(-n x ) ■ ■ ■ L{-n s )v hq \. 

Lemma 7.1 Let [P S i ng wi, 9 ] = Q\{x)[G{-l/2)vx^} and [G(-l/2)P sing Ui !g ] = 
Q2{x)[vi, q ] be projections inside 

A{M{^M, q ))®A{L{%fi)L(\M,r){$)- 

Then 

Qi(h) = K 2 (h lt q,h lir ,h), 

Q 2 (h)=K 1 (h 1 . q ,h hr ,h), (24) 

for every h € C. 
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Proof: We use the notation from the section 6.2, where 

yeI ( H3/2,h) 

\L(3/2,hi, r ) L(3/2,hi, q ), 

By using (||), we obtain 

{w' 3 ,y{w 1 ,x)G(-m 1 - l/2)...G{-m 2r -l/2)L(-n 1 )...L(-n s )w 2 ) = 

r o 

Y[-( x - m ™-i- m ™— - 2m 2i h 1 , r x- m2i -i- m2i - 1 ) ■ 

fl -( x ~ nj+1 ^ + n j )h 1 ,rx-^)(w' 3 ,y(w 1 ,x)w 2 ) = 

3 = 1 X 

r 2r 

c 1 Y[((2m 2l + l)h hr - h + h hq + ( m p + 1 / 2 ))- 

i=l p=2i+l 

s s 

Y[(n j h 1 , r -h+ n p + h 1>q )x h - h ^- hl >r- r -^ mi -^i n \ (25) 
j=i p=j+i 

for the constant ci (see Section 6.1 and 6.2) that depends only on y. There is 
a similar expression for 

(w' 3 ,y{w 1 ,x)G(-m 1 - \/2)...G(-m 2r+1 - l/2)L(-n 1 )...L(-n s )w 2 ). (26) 

If we compare ( p3| ) with ( p5| ) (and corresponding formulas for (|26|)) it follows 
that Qi(h) is, up to a non-zero multiplicative constant, equal to K 2 (h\ r , hi tQ , h) 
(singular vector is odd!) and Q 2 {h) is, up to a multiplicative constant, equal to 
Kx{h\, r , hi tQ , h). 



Thus, Proposition 6. ll and Theorem 7.1 gives us 



Theorem 7.1 (a) As a A(L (3/ '2,0)) -module 

A(L(3/2, h hq )) ® A (i(3/2,o)) i(3/2, h hr )(0) S* 

LJ m LJ (27 ) 

< U-j<k<j ( X - hl, q+ Ak) > < Il-j+l/2<fc<j+l/2 (h+1/2- hl, q+ 4k) > 

(b) The space 

j ( L(3/2,h) \ 

\L(3/2,hi, q ) M{3/2,hi, r )J' 
is non-trivial if and only if h — hi s for some s G {q + r — 1, q + r — 
3,...,«-r + l}. 

(cj J7ie space 

t L(3/2,h) \ 

\L(3/2,h hv ) L(3/2,hi, r )J' 
is one-dimensional if and only if h = hx jS , s G {<? + '* — l,q + r — 3, . . . , \ q — 



!}• 
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Proof (a): From Lemma 7.1 it follows that 

A(L(3/2, h lir )) ®A(L(3A0)) ^(3/2, = © TTTtV ( 28 ) 

Now we apply a nd Proposition 3.1. 

Proof (b): As in HM1| , by examining carefully the main construction of intertwin- 
ing operators in |L1| with a minor super-modifications, for every A(L(3/2, 0))- 
morphism from A(L(3/2, hi <q )) ©a(l(3/2.o)) L(3/2,h\^ r ) to L(3/2,/i)(0) we can 
construct a non-trivial intertwining operator of the form / ( L ( 3 / 2 hf ^M(3/2 fei )) ' 
Proo/ fcj: In order to project 3^6/ (l(3/2 ftf ) Af(3/2 hi )) to a non ~trivial in- 
tertwining operator of the type (w 3 ; 2 ^ ) £(3/2 h t )) ( as m lM3) ^ = ^ or 
s6{g + r- 1, g + r — 3, . . . , g — r + 1} fl {r + g — l,r + q — 3, ...,r — g+ 1}, i.e., 
se{q + r-l,q + r-3,...,\q-r\ + l}. I 

Theorem 7.2 Suppose that q > r ^ 

dlmI {L(3/2, hl ,)L { 3/2M, r )) =1 ' ^ 



even 



j/ and onZy i/ 



if and onZy i/ 



s e {q + r - l,q + r — 5, g - r + 1} 
dtalf,, £( W ^ =1 (30) 



s e {q + r — 3, g + r — 7, g - r + 3}. 
Proof: By using (p7| ) we obtain the following decomposition: 

A °( L (^ Kq)) ®A(£(3/2,0)) ftl,r)(0) = 

Cu g+r _i © Cu 9+r _ 5 ... © Cw g _. r+ i 
3 3 

Al L{^Kq)) ®A(i(3/2,0)) ft l,r)(0) = 

Cv 9+r _ 3 © Cw g+r _7 . . . © Cw 9 _ r+3 , (31) 

where Cu,; is a C[y]-module such that y.Vi — ^—^—Vi. 
Claim: Let 

3 3 3 

tfj S Hom A(L(Cj0)) (yl (L(-, fc li9 )) ® A (i(3/2,o)) L(-,hi, r )(0), L(-,h 1>s ){0)), 

then the corresponding intertwining operator is even. Similarly if we start from 

3 3 3 

1p G Hom A(L(Ci0)) (A 1 (L(-, /l 1>g )) ®A(i(3/2,0)) L {^ h l,r)ifi), L(-,hi, s ){0)), 
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the corresponding intertwining operator is odd. 

Proof ( Claim): Let us elaborate the proof when ip is "even" . From the construc- 
tion in [ |F^ | and |L2| y is obtained by lifting ijj to a mapping from £(3/2, hi <q ) ® 
1/(3/2, fti, r )(Q) to £(3/2, /ii, s )(0), such that 

£(3/2, fti, g )odd ® £(3/2, hi, r )(0) 0. 

To extend this map to a mapping from £(3/2, hi tq )®M (3/2, hi,r) to £(3/2, 
one uses generators and PBW so the sign is preserved. The last step (projection 
to £(3/2, hi, q ) <S> £(3/2, /n,r)) is possible (because of the condition q > r) so the 
proof follows (when ?/> is odd a similar argument works) . I 
Let us summarize everything. 

Corollary 7.1 LetA s be a free abelian group with generators b(m),m G 2N + 1. 
Define a binary operation x : A s x A s — > -4 S , 

T/ien ^4 S is a commutative associative ring, and the mapping b(m) i— > Vi '" 1 ^ 1 ) 
gives an isomorphism to the Grothendieck ring lZep(osp(l\2)). 

Proof: The proof follows from Theorem 7.1(c) and (0). I 



8 Multiplicity— 2 fusion rules and super logarith- 
mic intertwiners 

8.1 Multiplicity-2 

We have seen that in the c = § case all fusion coefficients are or 1. Still, we 



expect (according to flHM| ]) that for some vertex operator superalgebras £(c, 0), 
fusion coefficients are 2. 

Here is one example. If c = 0, as in the case of the Virasoro algebra, the 

M(0,0) 

{G(-l/2)v ,G(-3/2)v ) 



super vertex operator algebra £(0, 0) = /a/-i/2)v^°G?-3/2')v \ is trivial. Still we 



can consider a vertex operator superalgebra V^(0, 0) := (J^ifyv) Clearly, for 
every h E C, we have (all modules are considered to be V(0, 0)-modules): 

dimlf, m °] ,)=2. (32) 
\L(0,h) L(0,h)J { ' 

The previous example is little bit awkward. Here is a nice example with 
"irrational" central charge: 

Proposition 8.1 

/ £(^-3^5,^-1) \ 

dim! ir \* a ; =2. (33) 

U(f - 3^5, 1(4 - 1)) £(f - 3^5, |(^ - 1))/ 
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Proof: It is not hard to see (by using a result form JAA| or Q) that M(^ 
3\/5, 2(2 — 1)) has the unique submodule that is irreducible (the case 77+ in 



[AA]). If we analyze the determinant formula [KWa], singular vectors, and then 



use Theorem 6.1, after some calculation we obtain (|33|). 



8.2 Logarithmic intertwiners 



In [ |M2| we introduced and constructed several examples of logarithmic inter- 
twining operators. Roughly, logarithmic intertwiners exist if matrix coefficients 
yield some logarithmic solutions. 

By straightforward super-extension we obtain the following result: 



Proposition 8.2 

*»^U4; 2 ,34) 

Proof: Again, the result follows by combining techniques from this paper and 



[M2| 



9 Future work and open problems 

• For which triples L(c, hi), L(c, h 2 ) and L(c, /13) do we have 

dlm/ U,M L(c,h 2 ))= 27 

• Determine the fusion ring for degenerate minimal models for N = 2 su- 
perconformal algebra (cf. |MS]). 



• Construct an analogue of the vertex tensor categories constructed in |HM| 
(by using the main result in Q), for the models studied in this paper. 
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